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Peaykuusa (reduction, reduce)

enum { n = 1000003 };

float sum(float *v, int n)

{
float s = 9; N
for (int i = 0; i < n; i++) Y
s += v[i]; +
return s;
} sum

double run_scalar()

{
float *v = xmalloc(sizeof(*v) * n);
for (int i = 0; 1 < n; i++)
vii] =1 + 1.0;
double t = wtime();

float res = sum(v, n);
t = wtime() - t;

float valid_result = (1.0 + (float)n) * 0.5 * n;

printf("Result (scalar): %.6f err = %f\n", res, fabsf(valid_result - res));
printf("Elapsed time (scalar): %.6f sec.\n", t);

free(v);

return t;



Peaykuusa (reduction, reduce)

enum { n = 1000003 };

float sum(float *v, int n)

{
float s = 9; N ,
for (int i = 0; 1 < n; i++) Y
s += v[i]; +
return s;
} sum

double run_scalar()

{ $ ./reduction
Reduction: n = 1000003

float *v = xmalloc(sizeof(*v) * n);

I ||

f int i = 0; i ;]

. \(/E:] i +’11ef N ) Result (scalar): 499944423424.000000 err = 59080704.0
’ Elapsed time (scalar): 0.001011 sec.

double t = wtime();

float res = sum(v, n);
t = wtime() - t;

float valid result = (1.0 + (float)n) * ©.5 * n;

printf("Result (scalar): %.6f err = %f\n", res, fabsf(valid_result - res)); qu :,
printf("Elapsed time (scalar): %.6f sec.\n", t);

free(v);

return t;




Peaykuusa (reduction, reduce)

enum { n = 1000003 };

float sum(float *v, int n)

{
float s = 9; N
for (int i = 0; i < n; i++) Y
s += v[i]; +
return s;
} sum

double run_scalar()

{ = float (IEEE 754, single-precision)

float *v = xmalloc(sizeof(*v) * n); IMEET OrbaHMIEHHVIO TOUHOCTE
for (int i = @; i < n; i++) MEET orp ytoT T

v[i] =1 + 1.0; " [OrpewHocTb pe3yabTata CYMMUPOBAHUE N YUCEN
double t = wtime(); B Xygwem Caiydae pacteT nponopumnoHasibHO n

float res = sum(v, n);
t = wtime() - t;

float valid_result = (1.0 + (float)n) * 0.5 * n;

printf("Result (scalar): %.6f err = %f\n", res, fabsf(valid result - res));
printf("Elapsed time (scalar): %.6f sec.\n", t);

free(v);

return t;



BapuaHT 1: nepexop ot float K double

double sum(double *v, int n)

{
double s = 0;
for (int 1 = 0; i < n; i++)
s += v[i];
return s;
}

double run_scalar()

{
double *v = xmalloc(sizeof(*v) * n);
for (int 1 = @; 1 < n; i++)

$ ./reduction
vii] =1 + 1.0;

Reduction: n = 1000003

Result (scalar): 500003500006.000000 err = 0.000000
Elapsed time (scalar): 0.001031 sec.

double t = wtime();
double res = sum(v, n);
t = wtime() - t;

double valid result = (1.0 + (double)n) * 0.5 * n;

printf("Result (scalar): %.6f err = %f\n", res, fabsf(valid result - res));
printf("Elapsed time (scalar): %.6f sec.\n", t);

free(v);

return t;



BapuaHT 2: KomneHcauyuMoHHOe cymmupoBaHue KaxsHa

%
float sum(float *v, int n) /

{ X
float s = O; ‘ "

for (int 1 = 0; i < N
s += v[i];

n; i++)

*

* Anroputm KaxsHa (Kahan's summation) -- KomneHcauuoHHoe
CYMMUpPOBaHME 4ucen C nnasawwen 3anAaTton B ¢opmate IEEE 754 [*]

[*] Kahan W. Further remarks on reducing truncation errors //

Communications of the ACM - 1964 - Vol. 8(1). - P. 40.

return s; ny
} float sum_kahan(float *v, int n)
{
float s = v[O];
'Float CcC = ('Float)@.@_; norpeu_".'oc'rb
He 3aBMCUT OT N
for (int i = 1; i < n; i++) { (TonbKo oT TouHocTH float)
float y = v[i] - c;
float t = s + vy;
c=(t-s)-y;
s = t;
}
return s;
}

W. M. Kahan — og1H 13 ocHoBHbIX pa3paboTtumkos IEEE 754
(Turing Award-1989, ACM Fellow) http://www.cs.berkeley.edu/~wkahan



http://www.cs.berkeley.edu/~wkahan

BapuaHT 2: KomneHcauyuMoHHOe cymmupoBaHue KaxsHa

%
float sum(float *v, int n) /* , )
{ Anroputm KaxaHa (Kahan's summation) -- komneHcauuoHHOe
% A I %
float s = ©; ‘ : CYMMUpPOBaHUE 4Yucen C nnaBawwein 3anATon B ¢opmaTe IEEE 754 [*]

for (int 1 = 0; i < n; i++)
s += v[i];
return s;

* [*] Kahan W. Further remarks on reducing truncation errors //
* Communications of the ACM - 1964 - Vol. 8(1). - P. 40.

*/
} float sum_kahan(float *v, int n)
{
float s = v[O];
'Float CcC = ('Float)@.@_; "Orpeu.lHOCTb
He 3aBUCUT OT n

for (int i = 1; i < n; i++) { (TonbKo oT TouHocTH float)
float y = v[i] - c;
float t = s + vy;
c=(t-s)-y;
s = t;

}

return s;

$ ./reduction
Reduction: n = 1000003

Result (scalar): 500003504128.000000 err = 0.000000
Elapsed time (scalar): 0.004312 sec.



http://www.cs.berkeley.edu/~wkahan

BeKkTopHana sepcua peaykuun: SSE, float

double run_vectorized()

{
float *v = mm_malloc(sizeof(*v) * n, 16);
for (int i = @0; 1 < n; i++)
vii] = 2.6;
double t = wtime();

float res = sum_sse(v, n);
t = wtime() - t;

float valid result = 2.0 * (float)n;

printf("Result (vectorized): %.6f err = %f\n", res, fabsf(valid result - res));
printf("Elapsed time (vectorized): %.6f sec.\n", t);

free(v);

return t;



BeKkTopHana sepcua peaykuun: SSE, float

float sum_sse(float * restrict v, int n) 1) BekTOpHOE cymmupoBaHue (BepTUKasbHoOe)
{

~ ml28 *vv = (__ml128 *)v; v([]: | | |

int k = n / 4; + + +

__m128 sumv = _mm_setzero ps(); sumv: jojofojo |

for (int 1 = 0; 1 < k; i++) {

. sumv:
sumv = mm_add ps(sumv, vv[i]); |
} sumv:
// s = sumv[@] + sumv[1l] + sumv[2] + sumv[3] 2) lopn3oHTaNbHOE CYMMUPOBaHUE

float t[4] _ attribute__ ((aligned (16)));
_mm_store_ps(t, sumv);
float s = t[@] + t[1] + t[2] + t[3];

s = sumv[@] + sumv[1l] + sumv[2] + sumv[3]

for (int i = k * 4; 1 < n; i++) 3) CKansapHOe CyMMMUPOBaHUE 3/IEMEHTOB
s += v[i]; B «XBOCTE» MaccuBa
return s;



BeKkTopHana sepcua peaykuun: SSE, float

float sum_sse(float * restrict v, int n)

{
~ m128 *vv = (__ml28 *)v;
int k = n / 4;

~ m128 sumv = _mm_setzero ps();
for (int i = @; i < k; i++) {
sumv = _mm_add ps(sumv, vv[i]);

// s = sumv[@] + sumv[1l] + sumv[2] + sumv[3]
float t[4] _ attribute  ((aligned (16)));
_mm_store_ps(t, sumv);

float s = t[0] + t[1] + t[2] + t[3];

# cngpul: Intel Core i5 4690 - Haswell

Reduction: n = 1000003

Result (scalar): 2000006.000000 err = ©0.000000
Elapsed time (scalar): 0.003862 sec.

Result (vectorized): 2000006.000000 err = 0.000000
Elapsed time (vectorized): 0.002523 sec.

Speedup: 1.53

# Intel Core i5-3320M - Ivy Bridge (Sandy Bridge shrink)
Reduction: n = 1000003

Result (scalar): 2000006.000000 err = ©.000000

Elapsed time (scalar): 0.001074 sec.

Result (vectorized): 2000006.000000 err = 0.000000
Elapsed time (vectorized): 0.000760 sec.

Speedup: 1.41

# Oak: Intel Xeon E5620 - Westmere (Nehalem shrink)
Reduction: n = 1000003

Result (scalar): 2000006.000000 err = 0.000000
Elapsed time (scalar): 0.001259 sec.

Result (vectorized): 2000006.000000 err = 0.000000
Elapsed time (vectorized): 0.000315 sec.

Speedup: 3.99

# cnmic: Intel Xeon E5-2620 v3 - Haswell
Reduction: n = 1000003
Result (scalar): 2000006.000000 err = 0.000000

Elapsed time (scalar): 0.001256 sec.

Result (vectorized): 2000006.000000 err = 0.000000
Elapsed time (vectorized): 0.000319 sec.

Speedup: 3.94




BeKTOpHaAa Bepcua peayKuuu: NorpeLlHoCcTb BblYNCIEHNA

double run_vectorized()

{

float *v = mm _malloc(sizeof(*v) * n, 16);
for (int 1 = 0; i < n; i++)

vii] =i + 1.60; // WU3MeHWnun uHuuuanusauumw c “2.0” Ha “i + 1.0”
double t = wtime();

float res = sum_sse(v, n);
t = wtime() - t;

float valid result = (1.0 + (float)n) * 0.5 * n;
printf("Result (vectorized): %.6f err = %f\n", res, fabsf(valid result - res));
printf("Elapsed time (vectorized): %.6f sec.\n", t);

free(v);
return t; $ ./reduction
Reduction: n = 1000003
Result (scalar): 499944423424.000000 err = 59080704 .000000
Pe3ynbTaTbl CKaNAPHOM Elapsed time (scalar): ©0.001007 sec.
1 BEKTOPHOI BepCuii Result (vectorized): 500010975232.000000 err = 7471104 .000000

Elapsed time (vectorized): 0.000770 sec.
Speedup: 1.31

He coBnagatot!




BeKTOopHaA Bepcua peayKuun:

CKanapHaa sepcuAa:
s = v[O] + v[1] + Vv[2] + .. + v[n - 1]

BekTtopHaa SSE-Bepcus (float):

s = (v[@] + v[4] + v[8]) + // sumv[O]
(v[1] + v[5] + v[9]) + // sumv[1]
(v[2] + v[6] + v[10]) + // sumv[2]
(v[3] + v[7] + v[11]) + // sumv[3]
v[12] + v[13] + v[14] // «XBOCT»

B SSE-Bepcum NOpAAOK BbINOJHEHMS ONepaLnii OTINYAETCA
OT CKaNnApHOM Bepcum

Onepauua CNOXKEHMA YMCEN C NNaBatoWen 3anATon B popmaTe
IEEE 754 He accoumaTMBHA N HE KOMMYTATUBHA

a+b!=b+a a+(b+c)!=(a+b)+c

NOrpeLHOCTb BbIYUC/IEHUMN

1) BeKTOopHOE cymmupoBaHue (BepTuUKanbHoe)

IE I I |

sumv: |ofojJofo l
sumv: l
sumv:

2) lopu30oHTaIbHOE CYMMUpPOBaHUe

s = sumv[@] + sumv[1l] + sumv[2] + sumv[3]

3) CKanapHOe cymmMmuUpOBaHUE 3/1eMEHTOB
B «XBOCTEe» MaccuBa

David Goldberg. What Every Computer Scientist Should Know About
Floating-Point Arithmetic // http://www.validlab.com/goldberg/paper.pdf



http://www.validlab.com/goldberg/paper.pdf

BeKTopHasa Bepcua peaykuumn: SSE, double

double sum_sse(double * restrict v, int n)

{
~ .m128d *vv = (_ _ml128d *)v;
int k = n / 2;
~ m128d sumv = mm_setzero pd();
for (int 1 = 0; i < k; i++) {
sumv = _mm_add pd(sumv, vv[i]);
}
// Compute s = sumv[@] + sumv[1l] + sumv[2] + sumv[3]
double t[2] _ attribute  ((aligned (16)));
_mm_store_pd(t, sumv);
double s = t[0] + t[1];
for (int 1 = k * 2; 1 < n; i++)
s += Vv[i]; $ ./reduction
return s; Reduction: n = 1000003
Result (scalar): 500003500006.000000 err = 0.000000
} Elapsed time (scalar): 0.001134 sec.

Result (vectorized): 500003500006.000000 err = 0.000000
Elapsed time (vectorized): 0.001525 sec.
Speedup: 0.74




BeKTOpHaA BepcuAa: ropusoHTanbHoe cymmuposaHue SSE3

#include <pmmintrin.h> 1) BekTOpHOE cymmupoBaHue (BepTUKasbHoOe)
float sum_sse(float * restrict v, int n) v[]: | | |
{ 128 * (__m128 *) i + +
m vw = (_m V; .
int k =n / 4; sumv: |ojofo]o l
~ m128 sumv = mm_setzero _ps(); sumv:
for (int i = 0; i < k; i++) { ’ l
sumv = _mm_add_ps(sumv, vv[i]);
} sumv:
// s = sumv[@] + sumv[1] + sumv[2] + sumv[3] 2) lopusoHTanbHOe cymmupoBaHue SSE3
sumv = _mm_hadd_ps(sumv, sumv); a=hadd(a,a) => a=[a3+a2|al+a0| a3 +a2 | al+a0]
sumv = _mm_hadd_ps(sumv, sumv); a=hadd(a,a) => a=[a3+a2+al+a0 | --/-- | --/-- | /-]
float s _ attribute_ ((aligned (16))) = ©;
_mm_store_ss(&s, sumv);
for (int i = k * 4; 1 < n; i++) 3) CKansapHOe CyMmMMUpPOBaHUE 3/IEMEHTOB
s += v[i]; B «XBOCTe» maccuBa

return s;



BeKTOpHaA BepcuAa: ropusoHTanbHoe cymmuposaHue SSE3

#include <pmmintrin.h> 1) BekTOpHOE cymmupoBaHue (BepTUKasbHoOe)
float sum_sse(float * restrict v, int n) v[]: | | |
{ 128 * (__m128 *) T + +

m vw = (_m V; .

int k =n / 4; sumv: |ojofo]o l

~ m128 sumv = mm_setzero _ps(); .

for (int i = @; i < k; i++) { sumv: !

sumv = mm_add ps(sumv, vv[i]);

} sumv:

// s = sumv[@] + sumv[1] + sumv[2] + sumv[3] 2) lopusoHTanbHOe cymmupoBaHue SSE3

sumv = _mm_hadd_ps(sumv, sumv); a=hadd(a,a) => a=[a3+a2|al+a0| a3 +a2 | al+a0]

sumv = _mm_hadd_ps(sumv, sumv); a=hadd(a,a) => a=[a3+a2+al+a0 | /- | -/ | -/~ 1]

float s _ attribute_ ((aligned (16))) = ©;
_mm_store_ss(&s, sumv);

for (int i = k * 4; i < n; i++) # Intel Core i5-3320M - Ivy Bridge (Sandy Bridge shrink)
s += v[i]; Reduction: n = 1000003
return s; Result (scalar): 499944423424.000000 err = 59080704 .000000

} Elapsed time (scalar): 0.001071 sec.
Result (vectorized): 500010975232.000000 err = 7471104.000000
Elapsed time (vectorized): 0.000342 sec.
Speedup: 3.13




BeKTOopHana BepcuaA: ropusoHTanbHoe cymmuposaHue (double)

double sum_sse(double * restrict v, int n)

{
~ ml128d *vv = (__ml128d *)v;
int k = n / 2;

_m128d sumv = _mm_setzero_pd();
for (int i = 0; i < k; i++) {

sumv = mm_add _pd(sumv, vv[i]);
}

// Compute s = sumv[@] + sumv[1l] + sumv[2] + sumv[3]
// SSE3 horizontal operation:

// hadd(a, a) => a = [al + a@ | al + a@]

sumv = mm_hadd pd(sumv, sumv);

double s _ attribute  ((aligned (16))) = 0;
_mm_store_sd(&s, sumv);

for (int i = k * 2; i < n; i++) # Intel Core i5-3320M - Ivy Bridge (Sandy Bridge shrink)
s += v[i]; Reduction: n = 1000003
Result (scalar): 500003500006.000000 err = 0.000000

return s;
? Elapsed time (scalar): 0.001047 sec.

t Result (vectorized): 500003500006.000000 err = 0.000000
Elapsed time (vectorized): 0.000636 sec.
Speedup: 1.65




BeKktopHas Bepcua: AVX (double)

double run_vectorized()
{
double *v = mm _malloc(sizeof(*v) * n, 32);
for (int 1 = 0; i < n; i++)
vii] =1 + 1.0;

double t = wtime();
double res = sum_avx(v, n);
t = wtime() - t;

double valid result = (1.0 + (double)n) * 0.5 * n;

printf("Result (vectorized): %.6f err = %f\n", res, fabsf(valid result - res));
printf("Elapsed time (vectorized): %.6f sec.\n", t);

free(v);

return t;



#tinclude <immintrin.h>

BeKktopHas Bepcua: AVX (double)

double sum_avx(double * restrict v, int n)

{

__m256d *vv = (__m256d *)v;

int k = n / 4;

m256d sumv =

_mm256_setzero _pd();

for (int i = 0; 1 < k; i++) {
sumv = mm256_add _pd(sumv, vv[i]);

}

// Compute s =
// AVX _mm256 hadd pd:

sumv[@] + sumv[1l] + sumv[2] + sumv[3]

// _mm256_hadd pd(a, a) => a = [a3 + a2 | a3 + a2 | a1 + a@ | a1l + a0]

sumv = mm256 _hadd pd(sumv, sumv);

// Permute high and low 128 bits of sumv: [al + a@ | al + a@ | a3 + a2 | a3 + a2]
__m256d sumv_permuted = mm256 permute2f128 pd(sumv, sumv, 1);

// sumv = [al + a@ + a3 + a2 | --//-- | ...]

sumv = mm256_add _pd(sumv_permuted, sumv);

double t[4] _ attribute  ((aligned (16)));
_mm256_store_pd(t, sumv);

double s = t[@]; //double s = t[@] + t[1] + t[2] + t[3];
for (int 1 = k * 4; i < n; i++)

s += v[i];
return s;



BeKktopHas Bepcua: AVX (double)

#include <immintrin.h>
double sum_avx(double * restrict v, int n)
{

__m256d *vv = (__m256d *)v;

int k = n / 4;

__m256d sumv = mm256_setzero _pd();

for (int 1 =0; i < k; i++) {

sumv = _mm256_add_pd(sumv, vv[i]);

}

// Compute s = sumv[@] + sumv[1l] + sumv[2] + sumv[3]

// AVX _mm256_hadd_pd:

// _mm256 _hadd pd(a, a) => a =[a3 + a2 | a3 + a2 | a1l + a0 | al + ao@]

sumv = mm256 _hadd pd(sumv, sumv);

// Permute high and low 128 bits of sumv: [al + a®@ | al + a@ | a3 + a2 | a3 + a2]
__m256d sumv_permuted = mm256 permute2f128 pd(sumv, sumv, 1);

// sumv = [al + a@ + a3 + a2 | --//-- | ...]
sumv = mm256_add _pd(sumv_permuted, sumv);
double t[4] _ attribute  ((aligned (16))); # Intel Core i5-3320M - Ivy Bridge (Sandy Bridge shrink)
_mm256_store_pd(t, sumv); Reduction: n = 1000003
double s = t[@]; //double s = t[0] + t[1] + t[2] ECELENSNEICCIY Rl Ll Iopel ol o N el
for (int i = k * 4; i < n; i++) Elapsed time (scalar): 0.001061 sec.
s += v[i]; Result (vectorized): 500003500006.000000 err = 0.000000
return s; Elapsed time (vectorized): 0.000519 sec.

} Speedup: 2.04



